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=

N−1
∑

m=0

Almνm, (2)

where frf is the RF frequency, Qs = ωs/ωo is the tune,
and the amplitude of the pth revolution harmonic in the
beam spectrum is Ip =

∑N−1
k=0 ike

−j2π pk

N ; ik = qk/To.

Zlm(ω) = Zeff (lωo + ω) − Zeff
[

(l −m)ωo

]

;

Zeff (ω) =
1

ωrf

∞
∑

p=−∞

(pNωo + ω)Z(pNωo + ω) (3)

If the fill is even, Ik = 0 for k �= 0, and the off-diagonal
elements of the coupling matrix A disappear. The diago-
nal terms yield the well-known equations [5] for even-fill
eigenvalues: λl =

αefrf

2EQs
IoZ

eff (lωo+ωs); l = 0, ..N−1.
Most commonly-used fill shapes are close to even (Ik/Io ≈
0 for most k). Also, Zlm has the same order of sparseness
as Zeff . Since the off-diagonal terms are proportional to
Il−mZlm, it is apparent from Eq. (2) that the EFEM ba-
sis makes A sparse. In other words, the A-matrix is sparse
unless both Ik and Zeff are dense, which is not a very
common situation.

3.2 Modulation Coupling

Modulation coupling arises from terms of the form
Il−mZeff (lωo +ωs), which reflect the fact that the lon-
gitudinal beam signal is proportional to ikτk, the modula-
tion product of the fill shape and bunch position signals.
For example, assume that the bunches oscillate in EFEM p,
and consequently, the bunch position signal has a frequency
component a pω0 + ωs. If the fill shape has a sinusoidal
component at qω0 (Iq is nonzero), then the beam signal has
spectral lines at (p ± q)ω0 + ωs. Thus, modulation by the
fill shape causes coupling between EFEMs p and (p± q).

If IkZ
eff (kωo) is negligible for all k �= 0, the modula-

tion coupling terms are the only manifestation of fill un-
evenness. In addition, if Z(ω) is non-negligible only at
n revolution harmonics, where n � N , we can approxi-
mate the most unstable eigenvalues by those of an equiva-
lent A-matrix consisting only of the n corresponding rows
and columns. This is a great simplification in large rings
with hundreds or thousands of bunches. If we now create
a fill so that only Il−m is large, where EFEM l is the most
unstable mode and m is the most stable, we get an equiv-
alent A-matrix that is diagonal except for the coupling be-
tween νm and ν l. This reduces the eigenvalue problem to
a quadratic equation with the solution:

λ =
1

2
(λl + λm) ±

1

2

√

(λl − λm)2 + 4C2
l−mλlλm, (4)

where C is a modulation parameter defined by Cp =
|Ip|/Io. If Cl−m = 0, the even-fill eigenvalues λl and λm

are unperturbed. As Cl−m approaches unity (it can never
exceed 1), one eigenvalue approaches zero and the other
approaches λl + λm. This yields the maximum damping.
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Figure 2: Example of fill optimisation. h = 900, Io =450
mA. Solid lines: 50% fill and 25% fill maximise C3 for
imax =1 mA, 2 mA. Dashdot: Reference sinusoid at 3ωo.

Algorithm for Optimising Fill Shape It can be shown
that the following algorithm maximises Cp, given the beam
current Io and the maximum allowable bunch current imax:
1) For each bucket n in the N -bucket pattern, calculate a
corresponding “weight” cos(2π pn

N ). 2) Pick the B buckets
with the highest weight, and fill each of them to the same
current imax, where B = Io/imax. Leave the remaining
buckets empty.

Figure 2 shows two example fills which maximise C3

when h = 900, Io = 450 mA, and imax = 1 mA, 2 mA.

3.3 Fill-induced Landau Damping

The second important uneven-fill phenomenon is
potential-well distortion that varies from bucket to bucket,
causing bunch-to-bunch tune variation and Landau damp-
ing. Fill-induced Landau damping arises from terms of the
form Il−mZeff

[

(l − m)ωo

]

in Eq. (2). The tune shift of
bunch k relative to the mean tune is

δωk
s = j

αefrf

2EQs

N−1
∑

l=1

[

IlZ
eff (lωo) e

j2πkl/N
]

(5)

δωs is purely real, since the real part of the summand is an
odd function of l, with period N. All unstable modes are
damped by the interbunch tune spread.

If n is the most unstable EFEM, Eq. (5) indicates that a
good strategy would be to design a fill that optimises Cn =
|In|/Io. The best value of Cn for damping EFEM n is
different from the optimum for other EFEMs:

A) Landau damping of EFEMs other than n can be
calculated in the usual way [14], if they are not coupled
to other prominent EFEMs by modulation coupling or by
tune-spread terms on the nth diagonal of A.

B) Damping of EFEM n is larger than that of other
modes, since the combination of tune spread and fill un-
evenness introduces coupling between ν n and νN−n. If
Landau damping and coupling to ν N−n are the only sig-
nificant effects and λ−n ≈ −λ∗

n [23], then the variation of
λn with fill fraction is shown in Fig. 3 (numerical computa-
tion, assuming use of the fill optimisation algorithm). This
figure is symmetric about both axes. Dashed lines show the
evolution of λn from a few even-fill starting points. Inter-
estingly, in this special case, fill unevenness only seems to
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Figure 3: Graphical look-up table for fill-induced damping
of unstable longitudinal eigenvalue λn as Cn is increased
from 0 (100% of ring filled) to0.5 (61% filled). Dashed
lines: Evolution of λn from a few even-fill starting points.

reduce the growth rate Re(λ), without changing the coher-
ent tune Im(λ) very much. EFEM n is best damped by
maximising Cn, i.e., by minimising the fill fraction.

3.4 Expt. Verification: Modulation Coupling

Figure 4(a) shows the estimated cavity-induced growth
rates in the PEP-II Low Energy Ring (LER) at the nominal
bunch spacing of 8.4 ns (N = 873), when Io = 1 A. The
estimate is based on offline cavity measurements [24]. The
two largest cavity resonances are expected to drive bands
of modes centered at 93.1 MHz (EFEM 683) and 105 MHz
(EFEM 770) unstable. They also stabilise corresponding
bands at 25.9 MHz (EFEM 190) and 14 MHz (EFEM 103).
Here the best modulation-coupling cure would be to cou-
ple the modes around 105 MHz to those near 25.9 MHz
by maximising C580, i.e., C293 (Cp = CN−p). This au-
tomatically couples 93.1 MHz to 14 MHz. In general, if
νa couples to νN−b, then νb couples to νN−a. Max-
imising C291 should work as well, since ωo is small com-
pared to the bandwidths of the resonances. This is easily
achieved by filling every third nominally-spaced bucket,
since 291=873/3. The calculation illustrated in Fig. 4(b)
shows that such a fill should be stable at 1 A.

Modulation coupling was expected to raise the instabil-
ity threshold from 305 mA (nominal spacing) to 1.16 A
(3× nominal spacing). The measured thresholds are 350
mA and 660 mA respectively. The improvement is sig-
nificant, though smaller than expected, probably because
the impedance resonances are located 3-5 MHz away from
their expected positions. Given our new knowledge of the
higher order mode resonant frequencies, it seems likely that
a bunch spacing of 11 RF buckets would have resulted in
even better damping.

3.5 Expt. Verification: Landau Damping

Theoretical predictions of fill-induced Landau damping
were first tested at the ALS, where the diagnostic capabili-
ties of a digital longitudinal feedback system [15, 16] were
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Figure 4: PEP-II LER expected modal growth rates vs.
mode frequency (lωo + ωs) at Io = 1 A for: a) Even fill at
nominal 8.4 ns spacing (feedback required). b) Even fill at
3 × 8.4 ns spacing (stabilised by modulation coupling).

utilised to measure the eigenvalues (growth rates and coher-
ent tune shifts) of all unstable EFEMs simultaneously. The
measurement technique is described in [17]. In most cases,
only two of the 328 ALS modes were unstable: modes 204
and 233. The effective impedance at 233fo was used to
create a tune spread by maximising C233 (see Eq. (5)).

A baseline even-fill instability measurement was first
made at Io = 172 mA. This gave the following eigenval-
ues [25]: λ204 = (0.47±0.02)− (0.05±0.03)j ms−1 and
λ233 = (0.61±0.02)−(1.16±0.03)j ms−1 (assuming that
dr = 0.074 ms−1). It is evident from Fig. 3 that “Landau
fills” with fill fractions less than 60% almost completely
damp the primary target mode, which is EFEM 233 in this
case. Thus, any residual instability in the Landau fill must
correspond to the Landau-damped mode 204.

Although many methods exist for calculating the insta-
bility growth rate once the bunch tune distribution is calcu-
lated [14, 17], we use numerical computation of the eigen-
structure of the mode coupling matrix, since it is the most
exact. For this we need to know the shunt impedance Rs,
the resonant frequency fr and the quality factor Q of the
two cavity modes responsible for the measured values of
λ204 and λ233. If the effective impedance corresponding to
an even-fill eigenvalue isR+jX , then the shunt impedance
Rs of the cavity mode obeys ( fr

frf
Rs − R)2 + X2 =

[ fr

frf
Rs]

2 [17]. By correlating this result with data on ALS
cavity modes [26], we get (nominally) Rs = 11.36 kΩ,
fr = 1809.69 MHz and Q = 2900 for EFEM 204 and
Rs = 43 kΩ, fr = 2852.92 MHz and Q = 9149 for
EFEM 233. The numerical calculation then gives us an
eigenvalue of (0.1 ± 0.04) + (1.62 ± 0.06)j ms−1 for the
landau-damped mode 204. Error bars are calculated by as-
suming that errors in measured eigenvalues arise from fluc-
tuations in fr. Note: The real part of the most unstable
eigenvalue is 6 times smaller than in the even-fill case. The
measured eigenvalue for a 175-mA beam with C233 = 0.67
is (0.09 ± 0.003) + (1.63 ± 0.005)j ms−1, in agreement
with the theoretical prediction.
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Figure 3: Graphical look-up table for fill-induced damping
of unstable longitudinal eigenvalue λn as Cn is increased
from 0 (100% of ring filled) to0.5 (61% filled). Dashed
lines: Evolution of λn from a few even-fill starting points.

reduce the growth rate Re(λ), without changing the coher-
ent tune Im(λ) very much. EFEM n is best damped by
maximising Cn, i.e., by minimising the fill fraction.

3.4 Expt. Verification: Modulation Coupling

Figure 4(a) shows the estimated cavity-induced growth
rates in the PEP-II Low Energy Ring (LER) at the nominal
bunch spacing of 8.4 ns (N = 873), when Io = 1 A. The
estimate is based on offline cavity measurements [24]. The
two largest cavity resonances are expected to drive bands
of modes centered at 93.1 MHz (EFEM 683) and 105 MHz
(EFEM 770) unstable. They also stabilise corresponding
bands at 25.9 MHz (EFEM 190) and 14 MHz (EFEM 103).
Here the best modulation-coupling cure would be to cou-
ple the modes around 105 MHz to those near 25.9 MHz
by maximising C580, i.e., C293 (Cp = CN−p). This au-
tomatically couples 93.1 MHz to 14 MHz. In general, if
νa couples to νN−b, then νb couples to νN−a. Max-
imising C291 should work as well, since ωo is small com-
pared to the bandwidths of the resonances. This is easily
achieved by filling every third nominally-spaced bucket,
since 291=873/3. The calculation illustrated in Fig. 4(b)
shows that such a fill should be stable at 1 A.

Modulation coupling was expected to raise the instabil-
ity threshold from 305 mA (nominal spacing) to 1.16 A
(3× nominal spacing). The measured thresholds are 350
mA and 660 mA respectively. The improvement is sig-
nificant, though smaller than expected, probably because
the impedance resonances are located 3-5 MHz away from
their expected positions. Given our new knowledge of the
higher order mode resonant frequencies, it seems likely that
a bunch spacing of 11 RF buckets would have resulted in
even better damping.

3.5 Expt. Verification: Landau Damping

Theoretical predictions of fill-induced Landau damping
were first tested at the ALS, where the diagnostic capabili-
ties of a digital longitudinal feedback system [15, 16] were
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Figure 4: PEP-II LER expected modal growth rates vs.
mode frequency (lωo + ωs) at Io = 1 A for: a) Even fill at
nominal 8.4 ns spacing (feedback required). b) Even fill at
3 × 8.4 ns spacing (stabilised by modulation coupling).

utilised to measure the eigenvalues (growth rates and coher-
ent tune shifts) of all unstable EFEMs simultaneously. The
measurement technique is described in [17]. In most cases,
only two of the 328 ALS modes were unstable: modes 204
and 233. The effective impedance at 233fo was used to
create a tune spread by maximising C233 (see Eq. (5)).

A baseline even-fill instability measurement was first
made at Io = 172 mA. This gave the following eigenval-
ues [25]: λ204 = (0.47±0.02)− (0.05±0.03)j ms−1 and
λ233 = (0.61±0.02)−(1.16±0.03)j ms−1 (assuming that
dr = 0.074 ms−1). It is evident from Fig. 3 that “Landau
fills” with fill fractions less than 60% almost completely
damp the primary target mode, which is EFEM 233 in this
case. Thus, any residual instability in the Landau fill must
correspond to the Landau-damped mode 204.

Although many methods exist for calculating the insta-
bility growth rate once the bunch tune distribution is calcu-
lated [14, 17], we use numerical computation of the eigen-
structure of the mode coupling matrix, since it is the most
exact. For this we need to know the shunt impedance Rs,
the resonant frequency fr and the quality factor Q of the
two cavity modes responsible for the measured values of
λ204 and λ233. If the effective impedance corresponding to
an even-fill eigenvalue isR+jX , then the shunt impedance
Rs of the cavity mode obeys ( fr

frf
Rs − R)2 + X2 =

[ fr

frf
Rs]

2 [17]. By correlating this result with data on ALS
cavity modes [26], we get (nominally) Rs = 11.36 kΩ,
fr = 1809.69 MHz and Q = 2900 for EFEM 204 and
Rs = 43 kΩ, fr = 2852.92 MHz and Q = 9149 for
EFEM 233. The numerical calculation then gives us an
eigenvalue of (0.1 ± 0.04) + (1.62 ± 0.06)j ms−1 for the
landau-damped mode 204. Error bars are calculated by as-
suming that errors in measured eigenvalues arise from fluc-
tuations in fr. Note: The real part of the most unstable
eigenvalue is 6 times smaller than in the even-fill case. The
measured eigenvalue for a 175-mA beam with C233 = 0.67
is (0.09 ± 0.003) + (1.63 ± 0.005)j ms−1, in agreement
with the theoretical prediction.
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calculated and shown in table 1. The second to fourth pat-
terns named uneven1, uneven2 and uneven3 are designed
to utilize the coupling modulation to couple EFEM 97 and
EFEM 103 to suppress the beam instability. These are the
filling patterns designed to maximize the beam spectrum

. The filling patterns and corresponding beam spectra are
shown in figure 1. The patterns are designed in six sub-
sets in order to maximize . Pattern uneven1 has the same
current of each filled bunch. Pattern uneven2 is same with
uneven1 except the number of filled bunch is almost half
and the bunch current is doubled. Pattern uneven3 has the
same number of filled bunches as uneven1 but the current
of each subset is distributed as half sine. The total beam
current of all three patterns is 200 mA. The modulation pa-
rameter is calculated and shown in table 1. The eigen
value of the mixed modes according to Eq. (13) and cor-
responding Landau damping term are also calculated and
shown in table 1.
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Figure 1: Filling patterns used in simulation.

Table 1: Theoretical values of modulation parameter and
growth rate of uniform filling and uneven filling patterns.

growth rate
filling pattern EFEM 97 EFEM 103
uniform 0 2.1562 -1.9699

filling pattern
uneven1 0.8302 1.2458 -1.0595 2.0822
uneven2 0.9476 0.7581 -0.5718 1.9722
uneven3 0.8855 1.0553 -0.8698 2.0682

The simulation results are displayed as the evolution of
EFEM 97 and EFEM 103 with time in Fig. 2. The dis-
play is obtained from the turn by turn data of every bunches
and project the whole information into EFEMs space. The
growth rate of EFEM 97 and EFEM 103 by fitting the curve
in Fig. 2 are shown in table 2. Note that the derived growth
rate includes 5 ms radiation damping time.

From the above results the special design filling pattern
does help to damp the beam instability. The simulation re-
sults are consistent with the theory. Though in the worst

case the instability still grows. But in real operation the
HOM can be tuned to moderate strength and by using the
uneven fill the beam instability can be suppressed. In de-
signing the special filling pattern the period of subsets is de-
termined by the difference of mode number of two EFEMs
to be coupled. In the subset with less filled bunches one de-
rives higher modulation parameter thus lower growth rate
of the mixed modes. But the current per bunch will in-
crease and may cause single bunch beam instability. Since
two modes are mixed through coupling, their growth rates
should be the same. This is also demonstrated in the study.
The effct of Landau damping in this study is small since the
filling pattern is not designed to fully utilize this feature.

Although we have restricted ourselves to the linear
regime, the simulations can be extended to exhibit instabil-
ity behavior beyond the exponential growth and into non-
linear saturation. Behaviors similar to a sawtooth effect and
mode frequency multiplication have been observed.
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Figure 2: The evolution of EFEM 97 and EFEM 103 of
four filling patterns from simulation.

Table 2: Simulation results of growth rate of EFEM 97 and
EFEM 103 of the four filling patterns. Note that in the
simulation 5 ms radiation damping time is included.

growth rate
filling pattern EFEM 97 EFEM 103
uniform 0 1.9399 —–
uneven1 0.8302 1.0004 1.0182
uneven2 0.9476 0.4947 0.4947
uneven3 0.8855 0.8659 0.8703
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calculated and shown in table 1. The second to fourth pat-
terns named uneven1, uneven2 and uneven3 are designed
to utilize the coupling modulation to couple EFEM 97 and
EFEM 103 to suppress the beam instability. These are the
filling patterns designed to maximize the beam spectrum

. The filling patterns and corresponding beam spectra are
shown in figure 1. The patterns are designed in six sub-
sets in order to maximize . Pattern uneven1 has the same
current of each filled bunch. Pattern uneven2 is same with
uneven1 except the number of filled bunch is almost half
and the bunch current is doubled. Pattern uneven3 has the
same number of filled bunches as uneven1 but the current
of each subset is distributed as half sine. The total beam
current of all three patterns is 200 mA. The modulation pa-
rameter is calculated and shown in table 1. The eigen
value of the mixed modes according to Eq. (13) and cor-
responding Landau damping term are also calculated and
shown in table 1.

0 50 100 150 200
0

2

4

6

8

m
A

uneven1

0 50 100 150 200
0

50

100

150

200

uneven1

|I P
|

0 50 100 150 200
0

2

4

6

8

m
A

uneven2

0 50 100 150 200
0

50

100

150

200

uneven2

|I p|

0 50 100 150 200
0

2

4

6

8

bunch index

m
A

uneven3

0 50 100 150 200
0

50

100

150

200

beam spectrum index

uneven3

|I p|

Figure 1: Filling patterns used in simulation.

Table 1: Theoretical values of modulation parameter and
growth rate of uniform filling and uneven filling patterns.

growth rate
filling pattern EFEM 97 EFEM 103
uniform 0 2.1562 -1.9699

filling pattern
uneven1 0.8302 1.2458 -1.0595 2.0822
uneven2 0.9476 0.7581 -0.5718 1.9722
uneven3 0.8855 1.0553 -0.8698 2.0682

The simulation results are displayed as the evolution of
EFEM 97 and EFEM 103 with time in Fig. 2. The dis-
play is obtained from the turn by turn data of every bunches
and project the whole information into EFEMs space. The
growth rate of EFEM 97 and EFEM 103 by fitting the curve
in Fig. 2 are shown in table 2. Note that the derived growth
rate includes 5 ms radiation damping time.

From the above results the special design filling pattern
does help to damp the beam instability. The simulation re-
sults are consistent with the theory. Though in the worst

case the instability still grows. But in real operation the
HOM can be tuned to moderate strength and by using the
uneven fill the beam instability can be suppressed. In de-
signing the special filling pattern the period of subsets is de-
termined by the difference of mode number of two EFEMs
to be coupled. In the subset with less filled bunches one de-
rives higher modulation parameter thus lower growth rate
of the mixed modes. But the current per bunch will in-
crease and may cause single bunch beam instability. Since
two modes are mixed through coupling, their growth rates
should be the same. This is also demonstrated in the study.
The effct of Landau damping in this study is small since the
filling pattern is not designed to fully utilize this feature.

Although we have restricted ourselves to the linear
regime, the simulations can be extended to exhibit instabil-
ity behavior beyond the exponential growth and into non-
linear saturation. Behaviors similar to a sawtooth effect and
mode frequency multiplication have been observed.

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

ph
as

e 
os

ci
lla

tio
n 

am
pl

itu
de

time (ms)

uniform
EFEM mode 97

0 2 4 6 8
0

0.1

0.2

0.3

0.4

0.5

ph
as

e 
os

ci
lla

tio
n 

am
pl

itu
de

time (ms)

uneven1
EFEM mode 97
EFEM mode 103

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4
x 10

−5

ph
as

e 
os

ci
lla

tio
n 

am
pl

itu
de

time (ms)

uneven2
EFEM mode 97
EFEM mode 103

0 2 4 6 8
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

ph
as

e 
os

ci
lla

tio
n 

am
pl

itu
de

time (ms)

uneven3
EFEM mode 97
EFEM mode 103

Figure 2: The evolution of EFEM 97 and EFEM 103 of
four filling patterns from simulation.

Table 2: Simulation results of growth rate of EFEM 97 and
EFEM 103 of the four filling patterns. Note that in the
simulation 5 ms radiation damping time is included.

growth rate
filling pattern EFEM 97 EFEM 103
uniform 0 1.9399 —–
uneven1 0.8302 1.0004 1.0182
uneven2 0.9476 0.4947 0.4947
uneven3 0.8855 0.8659 0.8703
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